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Spatial problems involving the electric field in an MHD channel
were formulated in [1] with allowance for the electrode potential drop.
It was assumed that the electrode layer had a small thickness, so that
relationships on the boundary of the layer could be applied to the sur-
face of the electrode. It was assumed that the electrode potential drop
8¢° could be represented as a function of the current density jj at the
electrode in the form of a known function §,° = f(jj) determined ex-
perimentally or deduced from the appropriate electrode-layer theory.
An approximate method was then put forward for solving such problems
by reducing them to the determination of the electric field from a
known distribution of the magnetic field and the gas-dynamic param-
eters. It was shown that when &= §¢°/E is small (E is the characteris-
tic induced or applied potential difference), the solution can be sought
in the form of series in powers of €. In the zero-order approximation,
the electric field is determined without taking into account the elec-
trode processes. The first approximation gives a correction of the
order of €. The quantity 8¢°, which is present in the boundary con-
ditions on the electrode in the first-order approximation, is determined
from the current density calculated in the zero-order approximation,

One of the problems discussed in [1] was concerned with the elec-
tric current in a channel with one pair of symmetric electrodes. Its
solution was found in the first approximation in the form of the inte-
gral Keldysh-Sedov formula. In this paper we report an analysis of the
solution for 8¢° taken in the form of a step function.

Consider a channel of height h with two symmaetric
electrodes of length 2\ (Fig. 1), and suppose that a
medium having a constant conductivity ¢ in the mag-
netic field B® = 0,0 — B°%x°) flows along the channel
with velocity v°® = V°(x°®), 0,0. The vectors v° and B°
are assumed to be known [2]. As a result of the inter-
action between the field and the medium, a potential
difference @°T — @°~ is induced between the electrodes
(we shall assume that this difference is given), and a
current J° (which is to be determined) flows through the
load connecting the electrodes. The distribution of the
electric current [° and potential ¢° in the channel for
isotropic conductivity and even function B°V° can be
found from the following set of equations [1]:

Jx= — 090z,  J, =—00/0y+ q(z),
Ap=0  (¢=BV°),
09/0y =¢ on CD, MD,
d¢/dz = 0 on FOE ,
9=¢"-+0¢%(j,) on FM,
?=9¢ + 8¢ (~j,) on EC. (1)

All the quantities in Eq. (1) are dimensionless. The
velocity, the magnetic field, the density of the electric
current, the potential, and the coordinates are referred
to V¥, B% ¢! oB*V*, ¢ hB*V* andh, respectively. The
functions @™ (jy) and ¢~ (—jy) (whose form is assumed
known) determine the electrode potential drop across
FM and EC. When the magnetic field is inhomogeneous,
reverse-current zones appear on the electrodes (usu-
ally near their ends), and the electrode surface con-
sists of individual regions, some of which operate
under cathode conditions, while others act as anodes.

The form of §¢ is different for different regions of
this kind. Boundary currents on these regions must be
determined by solving the set of equations given by Eq.
(1). In many cases, the electrode potential drop is rel-
atively small: d¢ = ¢ s(jy), € = 0o{(l), s = 0O(1). The
solution of Eq. (1) can then be sought in the form of
the series

¢ = qp+ &py ...,

e = Jao 4 8hx e Ty = yo o+ Bign s (2)

The corresponding solutions for the zero-order ap-
proximation were obtained in [3, 4].

The set of equations for the first approximation and
its solution are of the form
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where K(k) is the complete elliptic integral of the first
kind, and for the square roots we have taken the
branches which are positive for t = 7 > 1. The func-
tion t(z) provides the conformal representation of
the right-hand half of the channel on the upper half-
plane,

The electric current J; and the work A; done by the
medium in overcoming the resistance offered by the
magnetic field are given by

b

Ji=2 Sfyl (x, Vo) dz =
0



JOURNAL OF APPLIED MECHANICS AND TECHNICAL PHYSICS 43

= A —mrar it 42— — )], (5)

(a* =K ()] K (), k+k2=1 b=21A/R)

3 . -+
o e 52 e

1
; =_1_Slni—r B~ () dv
" k

Tk YRR

1,

1 » Lo
(O
o

=2\ gindedy =

(173 o)

Y
0 —Y3
b oo

= ZS-q(so"—'so*)dx—{—Zqudz,
b

0

v(@) = 807 (b, — o) — 50" (6, 2) + Y ndz,
b

2
H(x)—vg_—; Y

y S[(iIEV B )

72—pt

X

+ ( i ig >l/z B <§2)(129: p) ] dp (1t =k chnz), (6)
Calculations based on Eqs. (5) and (6} are exceed-
ingly difficult. However, if the electrode potential
drop can be regarded as constant (this is valid for
sufficiently high current densities and metal elec-
trodes [5]), the calculations are considerably simpler.
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We shall assume that the anode potential difference
(which is usually much smaller than the cathode po-
tential difference) is equal to zero, The functions sj

and s§ and their derivatives are then given by

{ for 0<C o< 2%,

~ {O for 0 <z <{a*
0 for z*<Jw<b, 0

U for *<eh ]
dsy*/dr = ~8.(x — z*), dsy"/dz = 8 (x — z*), (7)

where 6(x) is the delta function. The point x* on the
upper (lower} electrode separates the cathode (anode)
region (0, x*) from the anode (cathode) region (x*, b)
and is determined from the solution in the zero-order
approximation.

Subject to the conditions given by Egq. (7), the inte-
grals i, (v =1, ...,4) and external current J; are
given by "
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We note that, subject to Eq. (7), the current density
on the electrodes at x = x* becomes infinite, and the
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integral ig diverges. This occurs because the potential
is given by a discontinuous function whereas, strictly
speaking, it should be continuous along the channel
walls. Near the point x = x* the functions can no longer
be represented by the series of Eq. (2}. However, in-
tegral quantities such as the current J; can be deter-
mined from the above formulas by considering the
corresponding integrals (for example, i) as singular
(in Cauchy's sense), and evaluating their principal
values.

Consider the current J;. The principal values of the
integral ig and the integral iy are given by
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where I is the complete elliptic integral of the third
kind. By going to the limit asa —~ k andag — 1 in Eq.
(8), and taking Eq. (9) into account, we find that J;=
= @* for x* = 0, and J; = —a* for x* = b = A/h.

It is readily seen that these results will be the solu-
tions of the well-known problem of the distribution of
current in a channel with unit potential difference be-
tween the electrodes [6, 7]. »

Figure 2 shows a plot of the function Jy(x*/b) with 2b = 20\/h as a
parameter, If the upper electrode operates as a cathode, then x*/b =1
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and the current losses due to electrode effects are at a maximum,
When the reverse-current zones appear near the ends of the electrodes,
these losses are found to decrease. For each b there is a range 0 =x* <
< x** < b,for which J, > 0. Therefore, if the end effect is very strongly
defined (the reverse-ciurent area of the electrode is considerable), the
electrode processes, for which Eq. (7) is valid, may lead to an increase
in the external current, However, we must remember that from a
practical standpoint the important values of x*/b are those for which
most of the upper (lower) electrodes operates as a cathode (anode),
since otherwise the resultant characteristics of the device (determined
largely in the zero-order approximation) turn out to be very low.

The fact that J; = 0 for x* =b/2 is explained by the presence of
edge effects, If the condition jx = 0 is satisfied on the lines NB and
MC, then J;(1/2) = 0. As b increases, the influence of the edge
effects is reduced, Therefore, the point x** at which J; = 0 approaches
x* =b/2,
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