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ELECTRICAL PARAMETERS OF A CHANNEL WITH FINITE ELECTRODES 
WITH ALLOWANCE FOR THE ELECTRODE POTENTIAL DROP 

A.  B .  V a t a z h i n  

Z h u r n a l  P r i k l a d n o i  M e k h a n i k i  i T e k h n i c h e s k o i  F i z i k i ,  V o l .  7, No .  6 ,  p p .  6 3 - 6 6 ,  1966 

Spatial problems involving the electric field in an MItD channel 
were formulated in [1] with allowance for the  electrode potential drop. 
It was assumed that the electrode layer had a smali thickness, so that 
relationships on the boundary of the layer could be applied to the sur- 
face of the electrode. It was assumed that the electrode potential drop 
6r ~ could be represented as a function of the current density j~ at the 
electrode in the form of a known function ~ ~  = ](j~) determined ex- 
perimentally or deduced from the appropriate electrode-layer theory. 
An approximate method was then put forward for solving such problems 
by reducing them to the determination of the electric field from a 
known distribution of the magnetic field and the gas-dynamic param- 
eters. It was shown that when s = 6~a~ is small (E is the characteris- 
tic induced or applied potential difference), the solution can be sought 
in the form of series in powers of s. In the zero-order approximation, 
the electric field is determined without taking into account the elec- 
trode processes. The first approximation gives a correction of the 
order of s. 3?he quantity 6~ ~ which is present in the boundary con- 
ditions on the electrode in the first-order approximation, is determined 
from the current density calculated in the zero-order approximation. 

One of the problems discussed in [1] was concerned with the elec- 
tric current in a channel with one pair of symmetric electrodes. Its 
solution was found in the first approximation in the form of the inte- 
gral Keldysh-Sedov formula. In this paper we report an analysis of the 
solution for 6~ ~ taken in the form of a step function. 

C o n s i d e r  a c h a n n e l  o f  h e i g h t  h w i t h  t w o  s y m m e t r i c  

e l e c t r o d e s  o f  l e n g t h  2X ( F i g .  1), a n d  s u p p o s e  t h a t  a 

m e d i u m  h a v i n g  a c o n s t a n t  c o n d u c t i v i t y  ~ in  t h e  m a g -  

n e t i c  f i e l d  B ~ = 0 ,0  - B~ ~ f l o w s  a l o n g  t h e  c h a n n e l  

w i t h  v e l o c i t y  v ~ = V~176 0, 0. T h e  v e c t o r s  v ~ a n d  13 ~ 

a r e  a s s u m e d  to  b e  k n o w n  [2] .  A s  a r e s u l t  o f  t h e  i n t e r -  

a c t i o n  b e t w e e n  t h e  f i e l d  a n d  t h e  m e d i u m ,  a p o t e n t i a l  

d i f f e r e n c e  e) ~ - ~0 ~  i s  i n d u c e d  b e t w e e n  t h e  e l e c t r o d e s  

(we  s h a l l  a s s u m e  t h a t  t h i s  d i f f e r e n c e  i s  g i v e n ) ,  a n d  a 

c u r r e n t  J~  ( w h i c h  i s  t o  b e  d e t e r m i n e d )  f l o w s  t h r o u g h  t h e  

l o a d  c o n n e c t i n g  t h e  e l e c t r o d e s .  T h e  d i s t r i b u t i o n  of  t h e  

e l e c t r i c  c u r r e n t  I ~ a n d  p o t e n t i a l  ~~  in  t h e  c h a n n e l  f o r  

i s o t r o p i c  c o n d u c t i v i t y  a n d  e v e n  f u n c t i o n  B~ ~ c a n  b e  

f o u n d  f r o m  t h e  f o l l o w i n g  s e t  o f  e q u a t i o n s  [1]: 

]= = - -  o~/Ox, /~ = - -  or  + q (x) ,  

A~ = 0 (q = B~176 

Or on  CD, M D ,  

Or = 0 on  FOE, 

r 1 6 2  +(/~) on  FM, 

r = r  + 6 r  ( - -  /v) o n c e .  (1) 

All the quantities in Eq. (i) are dimensionless. The 
velocity, the magnetic field, the density of the electric 

current, the potential, and the coordinates are referred 
to V*, B*, c -I crB*V*, c -i hB*V* andh, respectively. The 

functions 6 ~9 + (jy) and 50- (-jy) (whose form is assumed 

known) determine the electrode potential drop across 

FM and EC. When the magnetic field is inhomogeneous, 

reverse-current zones appear on the electrodes (usu- 

ally near their ends), and the electrode surface con- 

sists of individual regions, some of which operate 

under cathode conditions, while others act as anodes. 

T h e  f o r m  of  6~o i s  d i f f e r e n t  f o r  d i f f e r e n t  r e g i o n s  of  

t h i s  k i n d .  B o u n d a r y  c u r r e n t s  on  t h e s e  r e g i o n s  m u s t  b e  
d e t e r m i n e d  b y  s o l v i n g  t h e  s e t  o f  e q u a t i o n s  g i v e n  b y  E q .  

(1) .  I n  m a n y  c a s e s ,  t h e  e l e c t r o d e  p o t e n t i a l  d r o p  i s  r e l -  

a t i v e l y  s m a l l :  &p = e s ( j n ) ,  e = o ( 1 ) ,  s = O ( 1 ) .  T h e  

s o l u t i o n  o f  E q .  (1) c a n  t h e n  b e  s o u g h t  in  t h e  f o r m  o f  
t h e  s e r i e s  

r = r + 8r + . . . .  

1~ -~ ]xo -1- s j~ l  + . . . .  1~. = Juo -}- air1 -}- . . . .  (2) 

T h e  c o r r e s p o n d i n g  s o l u t i o n s  f o r  t h e  z e r o - o r d e r  a p -  

p r o x i m a t i o n  w e r e  o b t a i n e d  in  [3, 4] .  

T h e  s e t  o f  e q u a t i o n s  f o r  t h e  f i r s t  a p p r o x i m a t i o n  a n d  
i t s  s o l u t i o n  a r e  o f  t h e  f o r m  

]xl oq)l oq~1 Ar - :  0 
Ox ' ]ul = Oy ' 

0~--A~ = 0  on  CD, MD; 
Oy 

0~--2L=0 on  FOE, r = so + 
Ox 

C r ~ s 0 -  on  E C  

on  F M ,  

(so + = s l/v0 (z ,  1/2)1, 

So- = s [ - -  1~o (x, - -  % ) 1 ) ,  (3) 

1 

W ( g )  - -  Ox  y - -  ~ g  ( t )  ,~ L \ ~ /  p - -  t 
k 

/ I + p  ~'/, ~+(p)]d_ ~, --~T-2T: V - - 4 - T j - v +  V ( t - ~ ) f t + t ) '  

z - - - x + i y ,  t = k s i n n i z ,  

g ( t )  = \ t - ' -~ - ]  ' T = 2-K-~" ' k = s a h  W - '  

dso + 
r = So + - -  So- for ~ = O, [~+ (p) = ~ - ,  

dso- i 
ar ch ~ - ,  $-(P) - -  dx for x = x ( p )  = - ~  

1 I I: 
i 

i ,  -~- I t + v  " - - p  = ((l - -  z) (k2-- ~))  { l [ ( i + p )  ~-(P) 

_ { i + p \V, ~+ (p) ] dp~ dx 
Xi--'i--~-~) p + x j  j ' (4) 

where K(k) is the complete elliptic integral of the first 

kind, and for the square roots we have taken the 

branches which are positive for t = T > i. The func- 
tion t(z) provides the conformal representation of 
the right-hand half of the channel on the upper half- 

plane. 

The electric current Jt and the work AI done by the 

medium in overcoming the resistance offered by the 

magnetic field are given by 

b 

]1 = 2 1 ]~1 (z, 1/2) dx 
0 
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t = ~ - [ - - g r a *  + iaa* + 2 ( i x - - - i e ~ i a ) ] ,  (5) 

( a * ~ K ( k ' ) / K ( k ) ,  k ~ + k ' ~ : L  b = ~ , / h )  

t t + x  , ,  I " ~ 

1 

k 

k 

- t  i%-%-i 
cc ~/~ 

A I :  2 S S q ] v l d x d y  : 
0 _t/~ 

7 = 2 I  q ( s ~ 1 7 6  + ) d x  + 2 q v d x  , 
o b 

�9 ~ (x) = So- (b, - -  ~/~) - -  So + (b, ~ / ~ ) +  f ~ d x ,  
b 

2'r 2 
(x) = g _ ~ _  ~ ~ • 

I [ ( - - P )  ~-(P)('~+P) 

( 1 +p  I'A ~+ (P) (~ -- P) ] dp --  \ l --p / .~2 ._~  J (~ =/~ ch =x). (6) 

Calcula t ions  based on Eqs.  (5) and (6) a re  exceed-  
ingly diff icult .  However,  if the e lec t rode  potent ia l  
drop can be r ega rded  as cons tant  (this is val id for 
suff ic ient ly  high c u r r e n t  dens i t i es  and meta l  e l ec -  
t rodes  [5]), the ca lcu la t ions  are  cons ide rab ly  s imple r .  

V v o,~.---~z" 
I 

.I i s 

Fig.  1 

We shal l  a s s u m e  that  the anode potent ia l  d i f ference 
(which is usua l ly  much s m a l l e r  than the cathode po- 
ten t ia l  difference)  is equal to zero,  The funct ions  so + 
and s [  and the i r  de r iva t ives  a re  then given by 

{~ for 0<~<~*, {~ fo~ 0<~<~* 
So+ = for x * < x < b ,  s0- = for x * < x < b  ' 

dso+/dx = ~ 6  (x - -  x*),  dso-/dx ---- (5 (x - -  x*) , (7) 

where 6(x) is the delta function. The point x* on the 
upper (lower) electrode separates the cathode (anode) 
region (0, x*) from the anode (cathode) region (x*, b) 
and is determined from the solution in the zero-order 

approximation. 
Subject to the conditions given by Eq. (7), the inte- 

grals iv (v = 1 .... ,4) and external current Ji are 
given by 1 

k 

t - - a  
is = In  a-------# ' 

k 
"ia = 4a%is, i~ = \ k~-- *'~ / a~-- *~ ' 

3 

t 
d l :  -~- [--  m r  4az (a*i5 - -  i6)], 

l 
~'1 i - - T  2 ~/2 d": ( z : [ a S - - k 2 ~  1i~ 

It 

k ~ - - < a = k c h g x * <  t ) ,  (8)  

We note that, sub jec t  to Eq. (7), the c u r r e n t  dens i ty  
on the e lec t rodes  at x = x* becomes  infinite,  and the 

s \ 4  ' I 

\ N t / L 9 9  

o 0..2 f 

- 2  

Fig.  2 

in teg ra l  i 6 d ive rges .  This  occurs  because  the potent ia l  
is given by a d iscont inuous  function whereas ,  s t r i c t l y  
speaking, it should be cont inuous along the channel  
wal l s .  Near  the point  x = x* the funct ions  can no longer  
be r e p r e s e n t e d  by the s e r i e s  of Eq. (2). However,  in-  
t eg ra l  quant i t ies  such as the c u r r e n t  J1 can be de t e r -  
mined  f rom the above fo rmulas  by cons ide r ing  the 
co r re spond ing  in tegra l s  {for example,  i 6) as s ingu la r  
(in Cauchy 's  sense) ,  and evaluat ing  the i r  p r inc ipa l  
va lues .  

Cons ide r  the c u r r e n t  Ji- The p r inc ipa l  va lues  of the 
in tegra l  i s and the in tegra l  i 5 a re  given by 

t [2_1J 0 + a ) ( a - - k )  i6 : K (k') + -~- In (i - -  a) (a + k) 

_ _  ! r 
~-__ ]r sia'2 v J ' 

i s = K @ ) - } -  ~ , a2 

(k'sinv. = g l - -a2 ) ,  (9) 

where  I] is  the comple te  e l l ip t ic  in teg ra l  of the th i rd  
kind.  By going to the l i m i t  as a ~ k and a ~ 1 in Eq. 
(8), and taking Eq. (9) into account,  we find that  Ji = 
= ~* f o r x * = 0 ,  and J1 =-c~* f o r x * = b = X / h .  

I t  is r ead i ly  seen  that these  r e s u l t s  wil l  be the so lu-  
t ions of the wel l -known p r ob l e m of the d i s t r ibu t ion  of 
c u r r e n t  in a channel  with unit  potent ia l  d i f fe rence  be -  
tween the e lec t rodes  [6, 7]. 

Figure 2 shows a plot of the function Jl(x*/b)with 2b = 2k/h as a 
parameter. If the upper electrode operates as a cathode, then x /b  = 1 
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and the current losses due to electrode effects are at a maximum. 

When the reverse-current zones appear near the ends of the electrodes, 
these losses are found to deoreasc. For each b there is a range 0 --< x* < 
< x** < b,for which Jl > 0. Therefore, if the end effect is very strongly 
defined (the reverse-current area of the electrode is eonslderable), the 
electrode processes, for which Eq. (7) is valid, may lead to an increase 
in the external current. However, we must remember that from a 
practical standpoint the important values of x*/b are those for which 
most of the upper (lower) electrodes operates as a cathode (anode), 
since otherwise the resultant characteristics of the device (determined 
largely in the zero-order approximation) turn out to be very low. 

The fact that J1 ~ 0 for x* = b/2 is explained by the presence of 
edge effects, If the eondltion Jx = 0 is satisfied on the lines NB and 
MC, then $1(1/2) = 0. As b increases, the influence of the edge 
effects is reduced. Therefore, the point x** at which Jt = 0 approaches 
x* = b / 2 .  
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